GENERALIZED RESOLVENTS OF ORDINARY
DIFFERENTIAL OPERATORS(")

BY
EARL A. CODDINGTON AND RICHARD C. GILBERT

1. Introduction. If $ is a Hilbert space the domain of an operator T in
9 will be denoted by D(T). Let S be a closed symmetric operator in 9, that
is, D(S) is dense in O, (Sf, g) =(f, Sg) for all f, g&D(S), and the graph of S
is closed in § X . Suppose S; is a self-adjoint extension of .S in a (possibly
larger) Hilbert space $:. By this we mean $: contains § as a subspace, and
Si is self-adjoint in §, satisfying S1D.S. If P, is the orthogonal projection of
$1 onto P, the mapping R from the nonreal complex numbers (which we de-
note hereafter by ) to the bounded operators ® in $ defined by

R(l)h = P1(Sl bt ll)—lh, (h E \@, l E 7"):

is called a generalized resolvent of S. Here I is the identity operator.
If S) is a self-adjoint extension of .S in §; and E, is its resolution of the
identity,

S] =f )\dElo\),

then the operator-valued function E defined on by
E()\)h = PlEl()\)h, rE O, — o0 <AL °°),

has the properties

(a) E()\l) é E()\z) if )\1 < )\2,
(b) EN\ + 0) = EQA),
() E(-) =0, E(»)=1I

(We assume E; is normalized so that E;(A+0)=Ei(\).) From the spectral
theorem for .S; it follows that

@ sf,n = [aEann, e, EE D),

—0o0

© Isile = [ “vaczoos, ), (7 € D).
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A function E from the real line to ® satisfying (a)—(c) above is called a
generalized resolution of the identity. A spectral function of a closed symmetric
operator S in  is a generalized resolution of the identity E satisfying (d), (e)
above. Naimark (See Appendix I of [1]) has shown that if E is a spectral
function of S there exists a self-adjoint extension S; of .S in a Hilbert space
9109 with a resolution of the identity E; such that EQA) =P, E;(A) on .
It is easy to see that a function R from 7 to ® is a generalized resolvent of a
closed symmetric operator S in 9 if and only if it can be represented in the
form

© dEQ\)
a.1) RQ) = f =W, =)
o A—1
where E is a spectral function of S.

In §2 we consider the set ® of all generalized resolvents of a fixed closed
symmetric operator .S in a Hilbert space 9. Using the topology of weak oper-
ator convergence uniformly on compact subsets of = we show that ® is a
convex compact subset of the set of all analytic (in the weak operator sense)
functions from 7 to ®. An application of the Krein-Milman theorem then
shows that ® is the closed convex hull of its extreme points. One of us (Gil-
bert) has shown that if .S has finite and equal deficiency indices then the ex-
treme points of ® are actually dense in ® in the topology of uniform operator
convergence uniformly on compact subsets of w. The proof of this result will
appear in a later paper.

Our principal interest in this paper is in generalized resolvents of an
ordinary symmetric differential operator. Let L be the formal operator

L = poD"+ p1D 1+ -+ - + P,

where D =d/dx, the p; are complex-valued functions of class C*~* on an open
real interval ¢ <x <b (the interval may be unbounded), and po(x)#0 on
(a, b). We assume L is formally self-adjoint. In § =2%%(a, b) let T, be the clo-
sure of the symmetric operator whose domain is the set of all functions of
class C* on (@, b) which vanish outside compact subsets of (e, b), and whose
value at each such function « is Lu. We shall call Ty the minimal operator
associated with L. It was shown by Coddington [4; 5] that every generalized
resolvent R of T is an integral operator of Carleman type

RWf(@) = f K(z, 3, Df(3)dy.

The kernel K of R(l) can be decomposed into two parts K=K+ K;, where
K, is a fixed fundamental solution for L—1, and K, is representable as(?)

K@ D) = 3 Lal®s(, Dlsi, DI

Jk=1

(® [ I~ denotes the complex conjugate of [ ].
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Here s1, « « -, s, form a basis for the solutions of (L—/)u=0 and satisfy the
initial conditions s,‘"”(c, 1) =06, for some fixed ¢, a<c<b. The matrix V¥ is
analytic in = and satisfies ¥*(})=V¥(J), Im¥(})/Im =0, where Im¥
= (¥ —¥*)/2i. The matrix p defined by

1 A
p(\) = lim — Im ¥(v + ie)dv
€e—~+0 T 0

exists, is nondecreasing (that is p(A) = p(uy if A\>u), and is of bounded varia-
tion on any finite interval. The spectral function E associated with R via (1.1)
is given by

EW@ = [ 3 sle N,

A j, k=l

where here A = (u, »] is a finite interval, E(A) = E(v) — E(u), f€ § and vanishes
outside a compact subset of (e, b), and

]
700 = G50 = [ 1)t V]

The matrix p is called the spectral matrix associated with E and R. Using the
inner product

En=[ 3 a0 h®)des®

—0 J,k=1
for vector functions {= ({1, + - <, {n)y, 7=(m, * * *, 7s) on the real line we can
form the Hilbert space 2(p) consisting of all those ¢ for which |[¢]| = (¢, £)V/?
<. If fES=0%a, b) and f=(fi, - - -, fa) the mapping f—7 is an isometry

of ®2(a, b) into ¥%(p) whose inverse is given by

f(x) = .kzl se(%, i\ dpa ().
- 7,k=
For the proof of all these facts see [5].

In §3 we show that the mappings R—¥—p are one-to-one and that con-
vexity is preserved. Let the set of all ¥'s corresponding to all RE® be de-
noted by 9%, and the set of all spectral matrices p by 8. The topology in &
goes over into uniform convergence on compact subsets for 9%, and into
pointwise convergence at continuity points of the limit for 8. Thus, with the
appropriate topology, 91 and § are the closed convex hulls of their extreme
points.

A self-adjoint extension S; in §; of a closed symmetric operator S in
is said to be minimal if its resolution of the identity E; is such that the set of
elements of the form Ei(\)f, fED, — © <A< «, is fundamental in $,, that
is, the smallest subspace containing these elements is ©;. Naimark [8,
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Theorem 8] has shown that all minimal self-adjoint extensions of S cor-
responding to a given spectral function E of .S are unitarily equivalent. In
§4 we show that if T is a closed symmetric ordinary differential operator and
E is a spectral function for T, a concrete realization of the minimal self-
adjoint extension S; is given by the operator of multiplication by X in 22(p),
where p is the spectral matrix for E. An application of this result shows that
the isometry f—f of 22(a, ) into 22(p) is actually onto (i.e. a unitary mapping)
if and only if E is the resolution of the identity for a self-adjoint extension of
Ty in 9 itself. This is the so-called inverse transform theorem, a proof of
which was recently given by Levinson [7].

In §5 we consider the case when the differential operator L has continuous
coefficients on a closed bounded interval [a, 4], and give a more detailed
description of the matrices ¥ which determine the generalized resolvents of
T. They have the form

¥ = [C + FD]'[4 + FB], (Im > 0),

where 4, B, C, D are matrices of entire functions uniquely determined by L

(and not depending on the particular spectral function E), and F is an # by »

matrix of analytic functions on Im >0 satisfying ”F(l)” =<1 (the operator

norm is used). The set 9 of all ¥ is in a one-to-one correspondence with the set

of all such matrices F. We prove that all minimal self-adjoint extensions of

T, corresponding to F which are continuous for Im /=0 and which satisfy
sup ||[FQ)|| <1,

Im >0

are unitarily equivalent. Indeed they are all unitarily equivalent to the direct
sum D@ - - - 1D (n times) on the space ¥(—w, ©)P - - - BLY(— o, »)
(n times).

We indicate in §6 how spectral matrices of a Ty defined on an open interval
may be obtained as limits of spectral matrices for differential operators de-
fined on closed bounded subintervals.

2. Generalized resolvents of a symmetric operator. Let @ be the set of all
functions from the nonreal complex numbers 7 to the bounded operators &
in a Hilbert space §, which are analytic in the weak operator topology (and
hence analytic in the strong and uniform topologies). We give @ the topology
of weak operator convergence uniformly on compact subsets of w. A subbase
for the neighborhoods of an 4,&@ is the family of sets of the form

{a€a: | (40 — 40]f )| <glEC],

where f, g€9, €>0, and C is a compact subset of w. A directed set { Aa},
A.€Q, will converge to an element AEQ in this topology if and only if
(A«(Df, g) converges to (A())f, g) uniformly on each compact subset of T,
for each f, g& 9. The space @ with this topology is easily seen to be a locally
convex linear Hausdorff space.
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Let S be a fixed closed symmetric operator in this Hilbert space §, and
let ® denote the set of all its generalized resolvents.

THEOREM 1. QR is a convex compact subset of Q.

Proof. Equation (1.1) establishes a one-to-one correspondence. between
® and the set of all spectral functions of S. The latter set is convex, as can
be readily checked from the defining properties (a)—(e), in §1, and this implies
via (1.1) that ® is convex.

Let ®; denote the set of all bounded operators B on § satisfying “B”
<1/ | Im ZI . This set, for each fixed /&, is compact in the weak operator
topology [6, p. 53], and therefore by the Tychonoff theorem the Cartesian
product

) § !

lex

is compact in the product topology. This product is the set of.all functions
A from 7 to ® satisfying ”A(l)” <1/|Im |, and the topology is that of weak
operator convergence pointwise on 7. It is clear from (1.1) that R C [[®..

We show that @ is closed in [[®;, and hence is compact in this topology.
For the proof of this we use a characterization of generalized resolvents given
by A. V. Straus [10]. His result is that a function R from 7 to ® such that
D(R()) =9 is a generalized resolvent of .S if and only if for every I, Im I>0,

(i) R()Y is an analytic vector function for every y €9 © range (S—1I),

(ii) (S*~INHR() =1,

i) [|(S*~IDR| =1,

(iv) R*())=R().
Let {Ra} , RzE®, be a directed set which converges to an RE [[®; weakly
pointwise on . All R, are analytic on , as can be seen from (1.1). Thus for
each pair f, g€ 9, the directed set of analytic functions 7.(J) = (R.(J)f, g) con-
verges to r(l) =(R())f, g) pointwise on 7. If C is any compact set in w, and
lec,

| 7@ = IAlllell/ | tm 2] = =ON1llll4l],

where k(C) is a constant depending only on C. This implies that the set of
functions {ra} is equicontinuous on any compact subset of the upper or
lower half-plane. We infer from this, and the pointwise convergence of the 7,,
that 7,—r uniformly on compact subsets of =. Thus 7, and hence R, are analyt-
ic on w. In particular condition (i) is satisfied by R. Moreover on ® the
topology of pointwise convergence is the same as the topology of uniform
convergence on compact subsets of w. Hence the compactness of ® in G
follows from the compactness of ® in [[®.

To complete the proof we verify (ii)—(iv) for an R which is a limit of a
directed set {R.}, R.E®, in [[®:. Let fED(S) and hEH. Then
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(h, f) = ((S* = IDR.(Dh, f) = (Ra(Dh, (S — ID)f)
which implies R()AED(S*—II), and (S* —II)R(l) =1, proving (ii). From (ii)
we have
(* —INRQ) =1+ (- DR,
and similarly for R,(}). Thus if g, k€9,
| (5* = INRWAK, 9| < | ((S* — IDRDA, 9)|
+ [1=1] | (RO — RD], 9|
< [|#] llell + e
where € can be made arbitrarily small by a choice of a. This proves (iii).
Finally, if g, hE D,
(RO)h, ) = lim (Ra(DF, g) = lim (h, Ra(D)g)
= lim (k, Ra()g) = (b, R(D)g),
proving (iv), and Theorem 1.
We remark that if § is separable the topology of ® as a subset of @ is
first countable. Indeed, if $, is a countable dense subset of §, and I,,

I,CIn1,m=1,2, - - -, is an exhaustion of 7 consisting of pairs of rectangles
in the upper and lower half-planes, the neighborhoods of an R, of the form

{RE€ &: | ([RO — RDIf, )| < 1/n,1E I}

wheren=1,2, - - -, and f, € Do, form a countable subbase for the neighbor-
hoods of R,.

An REQ® is said to be an extreme point of ® if R cannot be written as
R=caRi+cR; with R, R,E ®R, Ri#=Re, 1>0, ¢2>0, c1+c2=1. The Krein-
Milman theorem [2, p. 84] applied to the set ® in @ gives the following result.

THEOREM 2. ® is the closed convex hull of its extreme points.

Let a self-adjoint extension S; in $: of .S be called finite-dimensional if
dim($:©9) < ». Naimark [9] has shown that all generalized resolvents of
S corresponding to finite-dimensional self-adjoint extensions of .S are extreme
points of ®. In particular, if S has self-adjoint extensions in © itself, their
resolvents will be extreme points of ®. Gilbert has proved the following re-
sult, which will be the subject of a later paper.

THEOREM 3. Suppose S has finite and equal deficiency indices. Then given
any REQ there exists a sequence {Rn} of generalized resolvents of S, cor-
responding to finite-dimensional self-adjoint extensions of S, such that

[|R.() — R@)|| — 0, (n— ),
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uniformly on compact subsets of .

3. Generalized resolvents of ordinary differential operators. We now con-
sider a formally symmetric ordinary differential operator L of order #z on an
open interval (@, b), and the minimal operator T, in  =%%(a, b) associated
with L. As mentioned in the introductory §1 every generalized resolvent R of
T, is an integral operator of Carleman type with a kernel K which can be
decomposed into two parts K=K,+K;, where K, is a fixed fundamental
solution for L—1I and K is represented as

(3.1) Ki(z 3, 0) = 22 a@s(x, Dsi(y, D]~

k=1
The s; satisfy (L—1)s;(x, 1) =0 and s*"?(c, I) =8 for some fixed ¢, a <c<b.
It is intuitively clear that the behavior of a generalized resolvent R of T,
and the corresponding spectral matrix p defined by

Y
3.2) p(\) = lim —1- Im V(v + ie)dy,

e—+0 T 0
are completely determined by the matrix ¥ = (¥ ). It is the aim of this section
to carry out the details of the correspondences R—¥—p. Let the set of all
¥’s corresponding via (3.1) to all RE® (the set of all generalized resolvents
of T) be denoted by 9, and the set of all spectral matrices defined via (3.2)
by 8.

THEOREM 4. The correspondences R—¥—yp of R—IN—8§ are all one-to-one-
Both 9 and 8 are convex.

Proof. Suppose there were two generalized resolvents R, R;& ® which
have the same ¥ & 91.. Then both R;, R, would be integral operators with the
same kernel, and therefore R, = R,. This shows that the map R—Y is one-to-
one.

It is clear from (3.2) that each ¥ € 9N gives rise to a unique p&8$. For each
pES the spectral function E of Ty corresponding to R is such that

(3.3) [B6) = EW@) = | 2 silm NIeaN),
B k=

for any f€ 9 vanishing outside a compact subset of (a, b). Here », u are con-
tinuity points of E, and F;(A) = (f, s;(\)). Suppose ¥;, ¥2 &N correspond via
(3.2) to the same p. Since the correspondence R—E is one-to-one (see (1.1))
it would follow from (3.3) that Ei(v) — Ei(u) = Ez(v) — Es(u) at all continuity
points of E; and E,. Since the set of all discontinuity points of E; and E; is
denumerable, it follows that there is a sequence {p,.} of continuity points of
E: and E, such that ua— — . Then Ei(u.)—0, Ei(u.)—0, and we have
E:(v) = Ex(v) at all continuity points of E, E,. Since Ei, E; are continuous
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from the right E,=E,. This implies R, =R,, and therefore the map ¥—p is
one-to-one.

The definition of ¥ via (3.1) and p via (3.2) shows that if ¢120, ¢;20,
a-+tc:=1, then ciR;+c:R; corresponds to c;¥;+¢¥2 and ¢ip1+cop2. Since R is
convex so are M and 8.

We now describe the topology on 9 and 8 which corresponds to the
topology on ® as a subset of @. We have shown that ® is a compact closed
subset of @. Since § =L2(a, b) is separable, the topology of ® is first countable,
and is therefore determined completely by the convergent sequences in ®.
Thus a set ®oC @& is closed if for any sequence {Rn}, R,E®y, R,—REQ®, it
follows that RE ®,.

THEOREM 5. Let R,, RE® correspond to V,, YEM, n=1, 2, - - -, The
following are equivalent:

(a) R.—R weakly, uniformly on compact subsets of ,

(b) R,—R uniformly, uniformly on compact subsets of m,

(c) ¥,—Y uniformly on compact subsets of w.

Notk: The norm |[¥|| of a matrix ¥ = (¥) is defined by

o = 3 | %l

J k=1

By ¥,—¥ we mean |[¥, —¥||—0.

Proof of Theorem 5. In order to prove these equivalences it is sufficient,
by compactness, to prove these results for a disk about each point lyEw. Also
since R*(I) = R(l), ¥*(I) =¥ (I), it follows that it is sufficient to consider only
Jo in the upper half-plane. Let /, be such a point.

In proving R is an integral operator of Carleman type [5] it was shown
that R could be represented as

(3.4) RO)f = GOf + Z Z B0/, Ui D).

The operator G(I) is an integral operator which is a right inverse of Ty —1,
analytic in 7, and satisfies ||G(J)|| <1/|Im I|. The functions ¢, ¢; are defined
by

o) = [T+ (0 = 1)GD)]ee(lo), (=1,.--,0%),
¥i() = [+ (- L)GO W), G=1,---,0),
and are analytic bases for the eigenspaces

G = {u € DT | T¢u = lu},

Gl = {u € DT | Teu = Iu},
respectively for |l—Iy| <Imly/2. The sets {¢i(lo)} and {¢,;(s)} can be

3.5)
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chosen to be orthonormal bases for €(l,) and G(l,) respectively. The matrix
®=(®5) is analytic for |I—Io| <Im l,/2. We note that from (3.5) we have
|2 - ol 21— 1|
- <1,
T ool < 2=
if Il—lol <Imly/2. In particular ”q{)k(l)H < 2. Similar estimates hold for ¥;(l).
From (3.4) we see that if ®,=(®}) corresponds to R, then

(Ra(D¥p(bo), do(l)) — (R(D¥5(o), da(lo))

(3.7 IR 3 .

= 2 2 [250) — 2aB](Ws(00), V) (64(0), #3(0).

J=1 k=1

Since the matrices with elements (¥,(lo), ¥;(lo)) and (¢e(lo), po(lo)) are the
identity matrices, and since the matrices with elements (¥,(lo), ¥;()) and
(¢x(2), ¢Pq(lo)) are continuous at I, by (3.6), it follows that there is a closed
disk Ao about I, contained in |l—1Iy| <Im lo/2 such that the latter matrices
are invertible, with continuous inverses there. It then follows from (3.7) that
if R,— R weakly, uniformly on A, then ®,—® uniformly on A,. Now suppose
®,—®P uniformly on A,. Then from (3.4) it follows that

(3.8) | R.0)f — ROA = 4lfll ]| @) — 20,

which shows that || R.(Z) — R()||—0 uniformly on A, This proves that (a) is
equivalent to (b).

In order to prove the equivalence of (b) and (c) we explore the relation-
ship between ® and ¥ in Ay. From the representation (3.4) we see that the
kernel K of R(l) can be written as

(3.6) ll6:() — dullo)]| =

3.9 K@y =Gyl + 5 X a0 Dgsn DI,

j=1 k=1

where G is the kernel of G(I). This kernel G can be written as G =K+ Gy,
where K, is the fundamental solution of L —/ referred to in the decomposition
of K, and where G, has the form

n

(3.10) Go(r, 3,0 = 2 Sasi(x, Dsi(y, DI
Jk=1
see [5]. Since si(l), - - -, sa(J) is a basis for the solutions of (L—1)u=0, and
(L—=De(l) =0, (L—=Dy;(I) =0, we have
¢k(x7 l) = i MkQ(l)sq(x’ l): (k =1--, 0)+),
(3.11) .
'l’:'()’, i) = Z Nip(l-)sp(y’ l-)7 G=1---, @),

p=1
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where the matrices M(l) = (Ma(1)) and N(I) = (Nj(%) have ranks o+ and o~
respectively. Since s¢™(c, ) = §;, we see that
G-1 (*-1)

Mi;() = ¢ (¢, D), Nik(l-) =y; (¢ i)~

Hence M(l) and N*(I) are analytic in / for ll—lol <Im ly/2. Placing (3.11)
into (3.9) we obtain

K90 = Ko, 3, 0) + Go®,9,) + 3 Bta@sal, Dlso(y, DI~

p.q=1
where if ®,(1) = @pe(0)),
(3.12) ®,.() = N*D)e()M().
Since K = K¢+ K, where K, is given by (3.1), we see that
(3.13) Y(l) = &) + 2.0,

where ®,(l) = (®%())) is the matrix appearing in (3.10).
Now assume R,—R uniformly on A,. Then $,—® uniformly on Ay and
from (3.12), (3.13) we see that

(G.19) () — ¥() = 2:a() — 2:() = N*D)[2.() — 20| M),

which tends to zero uniformly on A, Conversely, let ¥,(/)—¥(J) uniformly
on Aq. Since M(J) has rank wt and N*(I) rank w~, M(l) has a right inverse
and N*(J) has a left inverse for each IEA,. It then follows from (3.14) that
&, (1)>®(J) pointwise on Ao, and this in turn implies, by virtue of (3.8), that
R,(l)>R(l) uniformly, pointwise on A,. In particular R,(})—>R(l) weakly,
pointwise on A,. But we have already seen in the proof of Theorem 1 that
pointwise convergence implies uniform convergence on compact subsets of .
Thus R,—R weakly, uniformly on Ay, and from the equivalence of (a) and (b)
we have R,—R uniformly, uniformly on A,. This shows that (b) is equivalent
to (c), and completes the proof of the theorem.

Let us use the topology on I of convergence in the metric induced by
the norm, uniformly on compact subsets of w. A consequence of Theorem 5
is that the mapping R—¥ of ® onto 9N is a homeomorphism. The extreme
points of & map onto the extreme points of 9. Thus the following result is
a consequence of Theorem 2.

THEOREM 6. 9N is the closed convex hull of its extreme points.

We now investigate Ehe correspondence ¥ &M —pES. Since any VEIN is
analyticon 7, ¥*(l) =¥(I), Im ¥ (})/Im 120, it may be represented in the form

N+1
A=

(3.15) Y() =a+1I8 —i—fw do (M),

where a, B are constant Hermitian matrices, 820, and ¢ is a Hermitian
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matrix function of bounded variation which is nondecreasing in the sense that
o(\) 2o (u) if A> u. If ¢ is normalized so that (A 4-0) =a(\), o(0) =0, this repre-
sentation is unique; see [5]. We first prove a preliminary lemma concerning
matrices ¥ representable in the form (3.15).

LemMA. Let {¥,} be a sequence of matrices representable in the form (3.15),
corresponding to {a.}, {8}, and {0.}. Suppose ¥,—V pointwise on w, and let
¥ correspond via (3.13) to o, B, 0. Then

(a) an—a,

(b) But /2 edoaN)—B+[2udo(N),

(c) 0= /2 da.(\) SkI, for some constant k, 0 <k < o,

(d) a.(\) —aa(u)—a(N) —o(u), at continuity points N, u of o.

NotE. In (c) I is the identity matrix. This (c) is equivalent to
(" f |de-)|| < ¥,  for some constant .

Proof of the lemma. We have

Vo) = an+ iBo 4 i f “doaN),

and therefore
a, = Re ¥,(¢) = Re ¥(i) = a,
and

Bn + fwda-,.()\) =ImV¥,(1) > Im¥(G) =B84+ f °°da()\),

proving (a) and (b). Since 8,=0 and 2 edaa(\) 20 we see that (c) follows
from (b).

From (c’), and a theorem due to Helly, there exists a subsequence {a,.,,}
which converges to a nondecreasing matrix ¢ point-wise on (— =, ©). Then

© dom) [ dFN)
(3.16) f_,‘ x—z_’f_wx—z

for each ICSw. Indeed I)\—ll“—>0 as [)\I—mo and (c’) imply that
f fon) -0, (A — ),
|

A>A A—1

uniformly in {#}. Since [2.]|dé(\)|| <&’ from (¢') it follows that the integral
on the right side of (3.16) exists. From the Helly integration theorem we have

.—-) ——
nsa A — 1 msa A—1
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Therefore given any €>0 there exists a A> 0 such that

da,, (\) ‘ az(n)
fm>A A= + fm» A=

and for such a A there exists an N> 0 such that

3.17)

€

do'nk(k) dO' (A) l
3.18 f I > N.
(3.1 nsa AN —1 lxlsA A—1 ™
Combining (3.17) and (3.18) we obtain (3.16).
Now
AN+1
V) = an 1 [ T )

- a,.,+l[ﬁ,.,+ [ dan.(x)] +@ ) f )

->a+l[ﬂ+f da(x)]+(12+1)fw d"w

using (a), (b), and (3.16). However

dan,(\)
A—=1

° da'()\)
A—1

Vo) > ¥0) = a + l[ﬁ+ [ de(x)]+ @+ 1) f

f°° dé(\) _f” da())
A—=1 J_oa—1

for all IEw, and from the Stieltjes inversion formula we see that
Q) — () = o) — o(w)

atcontinuity pointsof . Since every convergent subsequence of {o,(\) —a, () }
tends to the same limit we obtain (d), and the lemma is proved.

Recall that the correspondence ¥ €M —pES is one-to-one. The relation-
ship between p and the ¢ of (3.15) is

which implies that

(3.19) o) — plk) = f (1 + »)do(3)

at continuity points A, u of 0.

THEOREM 7. Let ¥, VE N correspond to p., pES respectively. Then ¥,—¥
uniformly on compact subsets of = if and only if

(3.20) pa(A) = paln) = p(N) — p(u)
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at continuity points N, u of p.

Proof. First suppose ¥,—V¥ uniformly on compact subsets of 7. Using the
representation (3.15) we see from the lemma that o,(A) —a.(u)—0A\) —o ()
at continuity points of ¢. This implies (3.20). Indeed there exists a subse-
quence {ank} converging to some limit ¢, and using the Helly integration
theorem we obtain

A
omiN) = pua) = f (1 + 1)dowy ()

= [+ o) = f (1 + 99)do(s) = p(N) — p(a),

since 6(A\) —é(u) =a0(A\) —a(u) at continuity points of ¢. Thus every con-
vergent subsequence of { pa(N) —p,,(p)} converges to the same limit, proving
(3.20).

Conversely suppose (3.20) is valid. Then since the map p—Y is one-to-one
there exist unique &, Ba, @, B such that ¥, is represented via (3.15) by aa, B,
o, and ¥ is represented by «, B, 0. From (3.19) it is clear that

A dp(y
o = o) = [ 22

at continuity points, and by the reasoning given in the first part of the proof
we see o,(\) — o',.(p.)—w()\) o(u) at continuity points of ¢. Since 9N is com-
pact, and its topology is first countable, it is sequentially compact. Hence
there is a subsequence {¥,,} of {¥,} which converges uniformly on compact
subsets of 7 to a limit ¥ € M. If & corresponds to ¥ via (3.15) we see from the
lemma that 0s,(\) — 0 (u) —=F(A\) —&(u), and hence ¢(\) —¢(u) =a(N\) —a(u) at
continuity points of o, which implies () =¢(A). Thus 5(\) — () =p(\) —p ()
at continuity points of p, which in turn implies ¥ =¥ (see the argument in
Theorem 4). The above shows that every convergent subsequence of { }
tends to the same limit ¥, and therefore ¥,—V¥ pointwise on 7. (No subse-
quence can tend to infinity at a point L, &, for 9N is sequentially compact.)
But this implies ¥,—W¥ uniformly on compact subsets of , since {¥,} is a
normal family. Indeed

¥,0) = a,.+z[6” + f da,,o\)]Jr o f“ tia,._(xl)
and hence
1@l = fleall + 121 lon + f_wda,.()\) ” +| ‘ f_mlldon(k)ll

which is bounded on any compact set C in 7 by (a), (b), (¢’) of the lemma.
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This completes the proof of the theorem.

By defining a set $4CS to be closed if for every sequence {p.} in So such
that p,(\) —pa()—p(\) —p(u), at continuity points N\, u of pES, it follows
PES,y, we obtain a topology for 8, and with this topology 8 is homeomorphic
to M. If =0, =0, c;+c:=1, then ¥ +c¥VEM corresponds to oy
4+ cp.€8. Thus Theorem 6 implies

THEOREM 8. 8 s the closed convex hull of its extreme points.

4. Minimal self-adjoint extensions of ordinary differential operators. Let,
asin §3, T be the minimal operator in  =22%(g, b) associated with a formally
self-adjoint ordinary differential operator L on (e, b). A self-adjoint extension
S1 of Ty in a Hilbert space 1D 9 is said to be minimal if its resolution of the
identity E; is such that the set { Ei(\)f: f€$, — © <A< » } is fundamental
in $1. According to Naimark [8, Theorem 8] all minimal self-adjoint exten-
sions of T, corresponding to a given spectral function E of T, are unitarily
equivalent. Indeed if Si, S, are two such minimal self-adjoint extensions on
$1D9, D209 respectively, then there exists an isometry U of §; onto 9,
leaving 9 invariant, and such that Sy=US; U~

Let E be a spectral function for T, and let p&S8 correspond to E. Then
the map f€ $—]E2(p) is an isometry V of H onto VH C2(p); see the intro-
duction. Let T, be the operator defined in 22(p) with domain V®(T,) by
ToVFQ\) =AVF(N), for each fED(T). Then To= VT V1. Indeed D(VT,V-1)
is the set of all { €R2(p) such that V-1 & D(Ty),i.e. S VD(Ty). lf L € VD(T)
then ¢=7 for some fED(T,), and VT V¢ =[Tof]" (). Now, using condi-
tion (d) satisfied by E, and the explicit form of the E(\) (see the introduction),
we have for any g€ 9,

(71 9 = (7o 0) = [ “NENS, ¢

=7 e FM ()

—c0 jk=1
= (Tof’ g)-
Thus Tof = [Tof]” +n, where E2%(0)© V. Using condition (e) we find

Nzl =izl = [ vacEo, »

- f T MM

—o0 f,km=1

= [IZwll2,

® [ 1" denotes V[ ].
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and since || Tof]|2=|| [Tof]':[|2+||n||2 we see that n=0. Therefore [Tof]"
= Tf, or VTof = T4Vf, or To=VToV-1 Thus T, is a unitary copy of T, in
the copy V9 of 9.

Let S: be the operator in 2%(p) with domain D(S,) the set of all { ER2(p)
such that A E€82%(p), and which is defined by Sif(A\) =A{(\). This operator is
self-adjoint in £2(p), and its resolution of the identity E; is such that if
A=(u, \] is a real interval, and Ei(A)=E;(\) —Ei(u), then E;(A){=xat,
where xa is the characteristic function of the interval A. See, for example [1,
pp. 205, 206].

Let P, be the orthogonal projection of 82(p) onto V9. Then VE(A) V-1
=P,E,(A)] for all fE V. Indeed VEA) V-1f=[E(A)f]", whereas PiEi(A)f
=Pixaf. If f, g€, are continuous and vanish outside compact subsets, then

(B 0 = E@ ) = [ 3 M0t

A jk=l
= (XAf) g)-

Thus [EQ)f]" =xaf+7n, where 7E€2%(p)©V®, and hence [E(A)f]”
=P, [E(A)f]" =Pixaf, or VE(A) V-'=P,E,(A) on V§. As a consequence we
see that S; is a self-adjoint extension of VT, V~! corresponding to the spec-
tral function VEV-1L,

THEOREM 9. S\ is a minimal self-adjoint extension of To= VT,V cor-
responding to the spectral function VEV=! on V9.

Proof. We have to show that the set of elements of the form Ei(A)f,
fE D, is fundamental in 22(p). Let nE&2L%(p) be such that (», Ei(A)f) =0 for
all intervals A, and all f€ $ which are continuous and vanish outside compact
subsets. We prove =0, which implies the theorem. We have

0= (1, E2(8))) = 2 [N dea (),
A 7 k=1
and this integral may be written as an inner product (ga, f) in § where
ga(x) = 2 se(x, Mni(\)dpa(N)
A jk=1

is an element in § =22%(a, b). Indeed let & be a finite subinterval of (a, b), and
let ks(x) =ga(x) for x&8 and ks(x) =0 otherwise. Then £E$ and

L | gax) |2dz = f e@@ld= [ 3 Ua)] 200

A jk=1
= [[&fl [l = Nl [,
using the Schwarz inequality and the isometry of  onto V$. Thus
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[ 1 gsta) Prax <l
é

which shows that ga€2%(a, b), and ||ga| é”n”

We now have (ga, f) =0 for a dense set of f's in §. Therefore ga(x) =0 al-
most everywhere, and since ga is continuous, ga(x) =0 everywhere on (a, ).
Hence

2 @ = X 5 e Nni(Ndoa(n)
A jk=1
= E "i(k)dpfp(k) = 07 (P = 1) Sty n)'
A j=1

Since this is valid for all finite intervals A we see that (¢, 1) =0 for all vectors
{EL%(p) whose components are step functions vanishing outside compact
subsets of (— », ®), and since these vectors are dense in 2*(p), we have
7=0 in ¥%(p) and the theorem is proved.

THEOREM 10. We have VO =L2%(p) if and only if E is a spectral function of
Ty which is a resolution of the identity of a self-adjoint extension S of Ty in
itself.

Proof. First suppose V9 =2%(p). Let S; be the minimal self-adjoint exten-
sion of T of Theorem 9. Then VE(A)V-1=P,E\(A) = E(A) on V=2%(p),
since P, is the orthogonal projection of 2%(p) onto VO =8%(p). Therefore
S=V-18V is a self-adjoint extension of T, in § with the resolution of the
identity E. Conversely, suppose E is a resolution of the identity for a self-
adjoint extension S of T, in §. It is obviously a minimal one. Thus the oper-
ator S=VSV-! is a minimal self-adjoint extension of T in V. It is the
operator of multiplication by X on the set D(S) = VD(S). However S is also
a minimal self-adjoint extension of T, and §CS.. By Naimark’s result § is
unitarily equivalent to .S;. Therefore V:§ =2%(p), and moreover S=3S..

Theorem 10 is the so-called inverse transform theorem, a different proof
of which was given recently by Levinson [7].

In what follows we shall frequently identify § with V§, E with VEV-,
and say that S; (of Theorem 9) is a minimal self-adjoint extension of T-

5. Ordinary differential operators on closed bounded intervals. In this
section we assume the nth order ordinary differential operator L =p,D"+ - -
=+ . is given on a closed bounded interval a Sx <5, that p,E C** there, and
po(x) =0 on [a, b]. We first compute in more detail the matrix ¥ which deter-
mines the nature of a given generalized resolvent R of Ty. As a convenience
for our computations we shall choose the point ¢ to be @, and thus s{™"(a, 1)
= jke

We recall some notations and results from [5]. The domain D(7y) is the
set of all &€ =22(a, b) such that u€C*! on [a, b], u-? is absolutely con-
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tinuous there, and Lu€ 9. For such u, Tgu=Lu. For u, vED(T¢) we have
Green'’s formula

[ 614 - ulmar = [wl@ - [wl),

where [uv](x) isaformin (4, %', - - - ,u»VY)and (v,7, - - -, v"V) which we
write as

(k—1)

(5.1) [wl@ = 3 Bi@u* @h" @]

5.k=1

The matrix Bo(x) = (B)(x)) is skew-hermitian, and its elements are linear
combinations, with constant coefficients, of the coefficients in L. For #, v
ED(Ty) we let (uv)=(Lu, v) — (u, Lv), which by Green’s formula is equal to
[uv](8) — [u2](a).

" The set ® of all generalized resolvents of T, are in a one-to-one cor-
respondence with the set & of all operator-valued functions F defined on
Im >0 which take €(—7) into €(¢), are analytic on Im />0, and such that
IF(®|| 1. In the case under consideration dim G(s) =dim G(—i)=#. Let
¢1, -+, ¢, and ¢y, - - -, ¥, be orthonormal bases for €(7) and G(—1) re-
spectively. If FES, define the functions v;(l), v (!) by

v() =¥ — F()¥;,
'D,*(l) = ¢; — F*(l)d’j) (j = 1’ R} ”)'

If RE® there is a unique FEJ such that the range of R(!) for ImI>0 is
the set of all €D (Ty) satisfying

(uvj¥(?)) = 0, (j=1,+++,n),
and the range of R(J) is the set of all * ED(Ty) satisfying
<uv.1(l)> =0, (.7 =1,.--, ”);

see Theorem 1 of [5]. Every FEF appears in this process.

Let R be a fixed generalized resolvent of T and let FEF correspond to it.
We write R(I) =Ro(l)+Ri(}), where Ry(l), Ri(l) are integral operators with
kernels Ky, K; respectively. The kernel K, is given explicitly by

n

Ko(x, Y, I) = [K'J(y: X, i)]— Z ik sk(x l) [SJ(}’, l)] (x 2 y)’
jok=1
where Ls;(x, 1) =1Is;(x, 1), s Y(a, 1) =8z, and Sj = [s;(0)sk(!) ], which is inde-
pendent of I. The matrix S=(S;) is nonsingular, skew-hermitian, and Sz is
the element in the jth row and kth column of S-1, i.e. S~1=(S,"). We recall
that K, is given by
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K9 ) = 3 als( )50 DI

Jik=1

Let Im 1>0 and fE@ Then we have R(})f=Ro())f+R.(})f where

z b
(5.2) Ro()f(x) = — E s, ) [ [ 010 - [0, i>1~f<y>dy]

3. k=1
and

RS = 3 L), 0t .

jak=1

The conditions (R())fv3(1))=0, p=1, - - -, m, imply
(5.3) (Ro(Dfor (@) + ; (D) (f, s; D) {se Do *(?)) = 0.
Let V() =(Vip(})) = ({(sk(})v}())). This matrix is nonsingular, since if
¢, * ++, C, are constants such that Eck(sk(l)v (1))=0 then the function

u(l) = X _csi(l) is in the range of R(J) and in G(J). Thus there is a g€ $ such
that R())g=u, and (Tg —)R())g=(Tg—1)u=0, and since R(J) is a right in-
verse of (Ty —1I) we have g=0 and hence #=0. If V-1(]) = (V,'(})), multiply-
ing (5.3) by V,/'(}) and summing on p yields

(5.4) 3 RO OWokl) + 3 ), s:0) = .

=1 Jj=1

From (5.2) it follows that

(RoDfor(®) = — E Si { [se o @] ®) + [0 D@} (f, s,D).

Jrkm=1

Placing this into (5.4), using the fact that this is valid for all fE 9, and the
fact that the s;(7) are linearly independent, we obtain

V() = — — Z S { [ D]®) + [50)o2 D)@} Vaald.

k,p=1

Let Q(x, 1) = (Qup(, 1)) = ([« (D5 () ](x)). Then V(1) =Q(d, 1) —Q(a, }), and we
have

1
(5.9) ¥() = — 75 [0, ) + 0(e, NI[QG, ) — Q(e, H].

From (5.1) we see that
(8-1)

(5.6)  Quolx, &) = [ D] (®) = Z Bas(@si (%, Doy (x, D]-.
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Let S(x, ) = (Sar(x, 1)) = (s&V(x, 1)) and W(x, l) = (Wap(x, 1)) = (v} D(x, I).
Then from (5.6) we find

(5'7) Qt(x, l) = W*(x) l)Bo(’C)S(x, l))

where Q! is the transposed matrix of Q.
We place in evidence the dependence of W on F. Let

F); = 2 Fpi(Doy

and identify F(/)with the matrix with F,;(J) in the pth row and jth column,
F(l) = (Fp;(1)). This matrix is analytic for Im />0 and || F(})|| £1, where

IF@| = sup||[FO)g|, gl =1,

and £ is an n-dimensional column vector of complex numbers. Now

n

F*(D¢p = 22 [Fpa()] Y0,

q=1
and hence
Wanlw, D = 15 (5, ) = ¢ (@) = 2 [Foa®] 00 ().

g=1

If ¢(x) = (Bap(x)) = (@5 "(x)) and P(x) = Waqs(x)) = (¥ "(x)), then we see
that W(x, ) =¢(x) —¢(x) F*(l), and thus W*(x, [) =¢*(x) — F())y *(x). Placing
this into (5.7) we obtain

and the following theorem results from (5.5).

THEOREM 11. Let L be defined on a closed bounded interval [a, b], and let
VYEM. Then

1
(5.9 vi(l) = — Py [c® — FOD®}'[40) — FOBOISH™

for Im I1>0, where A, B, C, D are matrices of entire functions, depending only
on L, given by

A®) = ¢*(B)Bo(B)S(b, 1) + ¢*(a) Bo(a)S(a, 1),
B(l) = ¢*()Bo(8)S(b, 1) + ¢*(a) Bo(a)S(a, D),
C(l) = ¢*(0)Bo(6)S(, )) — ¢*(a) Bo(a)S(a, D),
D() = ¢*() Bo(0)S(b, 1) — ¥*(a) Bo(a)S(a, D),

and F is an n by n matrix which is analytic for Im 1>0, HF(I)” =1 (operator
norm). If F is any matrix of this type the ¥ defined via (5.9) will be in IMN.
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Using Theorem 11 we give a qualitative description of a large number of
¥’s and corresponding p’s.

THEOREM 12. Suppose F is continuous on Im 1=Z0 and

sup ||FQ)|| =r < 1.
Imi>0

Then p is absolutely continuous with respect to Lebesgue measure on (— o, o),
and has a continuous positive definite density.

Proof. We have

1 >
p(\) = lim — f Im ¥ (v + ie)dv.
0

e—+0 T

Since ¥* will be a little more convenient to work with, we compute Im ¥,
From (5.5) we have

1
‘I,t(l) = - _2— [P(b; l) - P(a’ l)]—l[P(bs l) + P(d, l)](S‘)_l)
where P(x, I) =Q%x, I). A short calculation then gives

(5.11)  Im¥(Q) = [P}, 7) — Ple, )]"x(D)[P (8, 1) — P(a, D]*,

where

(5.12) 2ix(}) = P(a, 1)(S)~'P*(a, l) — P(b, 1)(SH)~1P*(b, }).
We claim that x(/) may be written as

(5.13) . x() = [I = FOF*®)] + 20),

where

(5.14) —2iQ(0) = W*(, )Bo(b)W (b, I) + P(b, )(SH)~1P*(d, 1),

and I is the identity matrix. To prove this we require several identities. Since
Sas= [s«(0)ss(Z) ](x), which is independent of x and /, we have from (5.1)

(5.15) St = S*(x, ) Bo(2)S(x, 1), (S~ = SY(x, §) By (x)S*(x, I).
Also since L¢a=i¢m L\ba = *"ilpa, (¢a, ¢ﬂ) = (‘pm ‘Pﬁ) = 6.:3, we have
(6061 (0) — [dats](a) = (La, $6) — (bar Lbs) = 2iBagy

and hence

(5.16) *(0)Bu(8)$(8) — ¢*(a) Bo(a)$(a) = 2.
Similarly

(5.17) Y*(5) Bo(B)¥(b) — ¥*(a)Bo(a)d(a) = — 2il,

¥*(6) Bo(b)¢(b) — ¥*(a) Bo(a)é(a) = 0.
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We note that since s* ?(a, I) =8, we have S(a, }) =I. Using (5.15) at x=a
we obtain (S*)~!=B;'(a), and hence
P(a, )(S*)~'P*(a, 1) = W*(a, ) Bo(a)S(a, 1)(S*)~'S*(a, 1) B (a) W (e, I)
= - I/V*(d, I)BO(G)W(G} l):

since B (x) = —Bo(x). Now W*(x, I) =¢*(x) — F(I)y*(x), and by making use
of (5.16) and (5.17) we obtain

P(a, )(SY)™1P*(a, 1) = — W*(b, ) Bo(b)W (b, 1)
+ 2i[I — FQ)F*()].

Placing this into (5.12) yields (5.13).

Since sup ||F()|| =7 <1, Im >0, we have I — F()) F*(}) = (1—r2)I>0. We
show that (1) 20. Let T() be the matrix with (s;(7), s:(!)) as element in the
jth row and kth column. Since T°(J) is the Gramian matrix of the basis
sil), -+ -, sa(l) we see that T'(J) >0, and hence T*(l) >0. We prove that

(5.18) Q) = Im IP(b, I)(SH™'T(1)(S™*)~1P*(b, 1),
which is non-negative for Im /> 0. Now

[s:Ds®]0@) = [sOs®](@) = (Lsi(@), () — (5,0, Lse (D)

— 2¢ Im I(s;(0), sc(D)),

and hence

—2i Im IT*(). = S*(b, 1) Bo(b)S(d, I) — S*(a, I) Bo(a)S(a, I).
Therefore
(5.19) —2¢ Im IP(b, 1)(SHT(D) (S™)~1P*(b, 1) = (a) + (B),
where

() = P(b, ))(§)71S*(b, 1) Bo(0)S(b, 1) (S*)71P*(8, 1)
= W*(, DB.(O)W (5, D),
using (5.7) and (5.15). Now
B) = — P(d, ))(597S*(a, ) Bo(a)S(a, 1)(S*)71P*(3, D)

P, H(S)™'P*(b, D),
making use of S(a, )=S(a, I)=I and (S*)~'=—(S%)~'=—B;'(a). From
(5.19) and the expressions developed for («) and (B) we see that (5.18).is
valid; see (5.14).

Returning to (5.11)—(5.13) we see that since F is continuous for Im /=0,

P(x, ) =Q!x, I) tends to a limit as Im /—0. Thus x(/) and P(b, I) —P(a, 1)
tend to limits as Im /—0. Moreover we have from (5.13)
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x()z (1 -1, Imil>0,
which shows that
x() = lim x(v + ie) = (1 — )1 > 0.
e—+0
We claim that [P(b, v) —P(a, »)]! exists for » real. For if it did not exist

there would be a column vector 70 such that P*(b, v)n=P*(a, v)y and
n*P(b, v) =n*P(a, v). Thus

7*P(b, v)(S) 7 P*(, v)n = n*P(a, »)(S) ' P*(a, ¥)n,

which implies by (5.12) n*x(»)n=0. But this contradicts the fact that x(») > 0.
Hence [P(b, v) —P(a, v)]™! exists for all real ». From (5.18) it is clear that

lim Qv + 4¢) = 0,
e—+0

and therefore we obtain from (5.11) and (5.13)
Im ¥4(y) = [P(b, v) — P(a, »)|[I — F)F*()][P(®, v) — P(a, »)]*,
or
Im ¥(») = [Q(, ») — Qa, »]*'[I — FG)F*(»)][Q®, ») — Q(a, »)],
which is clearly continuous and positive definite. Since Im ¥ is uniformly con-
tinuous on any rectangle of the form 0 <v <\, 0<e=98, we have
1 1
p(A) = lim — Im ¥(v 4 ie)dv = ——f Im ¥(v)dy,
«e—+0 T 0 ™ 0

which completes the proof of the theorem.
Before exploiting the result of Theorem 12 we discuss the geometry of the
set 9N of all the ¥’s. From the expression for ¥¢(l) just above (5.11) we see that

1
vl — 5 (97t = — [P, ) — P(a, D]P(, D(S)Y,

which gives by (5.18)
[P®, D) — P(e, ]2 [PG, ) — P(a, D]**
1 - 1 *
= Iml[\Il () —-—2-—(5‘) :IT(I)I:\P 0) —?(S) ] .
From (5.11) and (5.13) therefore it follows that
Im ¥() = [0, 1) — Q(e, D]*-'[1 — FOF*® ][0, 1) — Q(a, )]

+ Im! [\p(z) - %s—l]*r(i) [\p(z) - %&1].
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Thus
1 * 1
(5.20) Im¥() = Im! I:\I/(l) - S"l] T() I:\I/(l) ey S- ],

and equality holds if and only if F(})F*(l) =1, i.e. F(l) is unitary. If F(l,) is
unitary for some /o, Im /o> 0, it is unitary for all [, and F(I) = F(l,) for Im > 0.
Indeed if F(lo) is unitary ||F(lo)¢||=||£]| for every n-dimensional vector .
Consider the analytic function f(}) = (F()£, F(lo)t). We have |[f()]
=[|FOHll F)E <|£]]% and | 70) | =[| F)]|2=]|¢]]2. By the maximum mod-
ulus theorem f() =||£||2 for Im 1> 0. Thus (F()£, F(lo)§) = (£,£) for all £, which
implies F*(lo)F(l) =1, and hence F(l)=F(l,). It now follows that we have
equality in (5.20) for all /, Im [>0, or we have a strict inequality for all /,
Im I>0. Equality occurs if and only if F is a constant unitary matrix. A
glance at the way in which the matrix F arises (see [5]) shows that F is
constant unitary if and only if the corresponding generalized resolvent R is a
resolvent of a self-adjoint extension of Ty in $ =28%(a, b) itself.

We interpret the inequality (5.20) geometrically. Noting that Im¥
=(1/27)(¥ —¥*), we may rewrite (5.20) as follows

- I
PO TO¥() — [ss*r(i) . l] ¥()
(5.21)

- I -
— ¥*() [T(I)So - —-—:I + S&T()S, = 0,
2t Im1

where So=(1/2)5-1. Let T¥?(I) denote the positive square root of T'(l), and let

) ) I
AQ) = T2 (D)X (),  Ao()) = T-V2()) [T(DS" 2 Im l].

In terms of these matrices (5.21) becomes
(5.22) [AQ) = A [AD) — AD)] = M)
where
St ()
20 Im]  4(Im )
THEOREM 13. For eack I, Im 1>0, and Y EM, the matrix A(l) = T'2()¥(l)
lies inside or on the “circle” (5.22) with “center” Ao(l) and “radius” My*(l). If
A(D) is on the “circumference” of this circle for one l it is on the “circumference”

for all 1, Im 1>0, and this occurs if and only if ¥ corresponds to a generalized
resolvent of a self-adjoint extension of T, in ¥*(a, b) itself.

M) =

We return to the implication of Theorem 12.
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THEOREM 14. Let F satisfy the same conditions as in Theorem 12. Then the
minimal self-adjoint extension S (see Theorem 9) of Ty is unitarily equivalent
to the operator iD® - - - ®iD (n-times) on L(— «©, ©)@ - - - GLY— 0, )
(n times).

Proof. The domain D(:D) is the set of all ¥ER(— », «) which are
absolutely continuous on (— ®, «) and such that s’ &22(—w, «). For such
u, 1Du(x) =1u'(x). This operator is self-adjoint in 2(— o, «).

According to Theorem 12 the p corresponding to F is given by

1 A
o) = — fo Im ¥(s)dy,

where N¢(v) = (1/7) Im ¥ (») is continuous and positive definite. Let U be the
mapping of f(p) into L(— o, ©)=L(—w, o)O - OL(— o, )
(n times) given by Uf(\) =N'2(A\)¢(N), where N'/2(\) is the positive square
root of N(A). Then U is a unitary map of 2(p) onto £2(— «, ). Indeed we
have dp(\) = N*(\)dA and thus the inner product on £2(p) is given by

G = [ s, sona

where the inner product under the integral sign is the usual one for complex
n-dimensional vectors. The inner product in £2(— ®, ») is given by

(@ B = [ (@), O
Therefore if { ©2%(p) and U = NV2%¢ we have

lll]= = f_ (N (), S = f (V2D N2 (N))dN

= [ @, vsona = vzl

which shows that U is an isometry. It is onto since U~laa=N-12q for all
aEH(—w, ©).

The operator S; has a domain D(S:) consisting of all { E2%(p) such that
A €%%(p), and for such {, Sif(A) =A{(A). Let Z; be the operator of multiplica-
tion by X on €§(— », »). We have D(Z,) is the set of all E3(— », ») such
that Na € (— », ») and for such &, Zia(\) =Na(\). Since for {ED(S)),
UN = N2 =A\U¢, we see that UD(S1) =D(21), and moreover Z, UL = USi¢
for all {&D(S1). Hence 2, = US;U~'. However Z; is unitarily equivalent to
iD® - - - ®iD (n times) on L2(— », «) by the Fouriér transform theorem.
This completes the proof of Theorem 14,
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6. An approximation result. Suppose R is a generalized resolvent of Ty,
where L is now defined on some open interval (a, b). According to A. V.
Straus [10]

R(l) = (Ty(z) — lI)—l, (Im > 0),

where Tp(z) is such that T, C Tp(z) C T:, and SD(TFU)) is the set of all
uED(Ty) of the form

u=wu+ T —FDu, w& DT, u & E(—i).

Here F is a unique operator-valued function taking €(—z) into €(z) which is
analytic for Im />0 and ”F(l)” =<1. The domain of Ts(;, which is the range
of R(}), is the set of all uED(T}) satisfying the boundary conditions

(uv}"(l)) =0, G=1,--+,0").

Here we set w*=dim €(z), and if ¢y, - - -, ¢+ is an orthonormal basis for

€(@),
() = ¢; — F*(D4;, G=1,-,wh;

see [5].
Let 8=[a, &] be any closed bounded subinterval of (a, b), and let
s, + ¢+, Puts be P1, - - -, P+ orthonormalized in R2(6). Let

v3(0) = ¢is — F*Dbn, (G=1,-+,a%.

Let ¢puti1 5, - - -, Pas be functions such that ¢y, « « +, ¢ns is an orthonormal
basis in 22(8) for the solutions of Lu =7u, and let

o3(l) = bis, (G=wt+1,--,n).
If
F() 0)
Fy(l) = ,
W0 ( 0 0
we see that
o) = ¢ — FsD)bs, G=1,--,n).

Clearly F; is analytic for Im I>0, and || Fs(})|| 1. Thus F; gives rise to a
generalized resolvent R; of the minimal operator T associated with L on
£2(8), and the range of Rs(J) is the set of all uED(Ty) satisfying

(uva(D)) = 0, G=1,---,n).

We have vj;())—v; () (j=1, - - -, wt) in the pointwise sense as well as in
22(g, b). It now follows that the results of [3] carry over to the above situa-
tion. If K, K are the kernels of R;, R respectively, then K;—K uniformly on



1959] RESOLVENTS OF ORDINARY DIFFERENTIAL OPERATORS 241

any compact (x, ¥, /)-region where Im /0. This implies that ¥;—Y¥ uniformly
on compact subsets of w. Appealing to the lemma of §3 and the first part of
the proof of Theorem 7, we obtain

ps(A) — ps(u) = p(A) — p(u)

at continuity points A, u of p. We omit the details, referring the reader to the
reasoning given in [3].
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